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Worldsheet S matrix — Integrable S matrices

) ] [Zamolodchikov Zamolodchikov '79]
e No particle production

pg P3 P2
e Transmitted momenta

p2 pa

e Factorisation = ]___[ [for massive scattering]



Worldsheet S matrix — Integrable S matrices

e Two-body S-matrix satisfies the Yang-Baxter equation

523 512

512 523

523 513 S12 = S12 513 523



Worldsheet S matrix — Integrable S matrices

e In perturbation theory
S=1+iT=1+igT® - g>7® 1 .
o At tree-level satisfies the classical Yang-Baxter equation

[T12, T13) + [T12, T3] + [T13, T23] = 0
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e Nambu-Goto-Dirac action
S=-Ty / dooy/—detvas s Yap = NuOaX X .

» Worldsheet coordinates o with « =0,1,...,d —1 X

> Target space coordinates X* with p=0,1,...,D—1




Nambu-Goto-Dirac action

e Nambu-Goto-Dirac action

S=—Ty_1 / dooy/—detvas s Yap = NuOaX X .

» Worldsheet coordinates o with « =0,1,...,d —1
> Target space coordinates X* with p=0,1,...,D—1

e Interested in string (d = 2) and membrane (d = 3), arbitrary D
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Nambu-Goto-Dirac action in static gauge

e Expand action near infinite string/brane vacuum: static gauge

X0 — 50 XD-d+1 _ 51 xD-1

10
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e Expand action near infinite string/brane vacuum: static gauge

X0 — 50 xD—d+1 _ ;1 xD-1

e Transverse coordinates
X/
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Nambu-Goto-Dirac action in static gauge

10

e Expand action near infinite string/brane vacuum: static gauge  [Dubovsky Flauger Gorbenko '12]

X0 — 50 XD-d+1 _ 51 xD-1 _ d-1

e Transverse coordinates

e Expansion of the action > <

5=—Td/dda(1+,c2+£4+...) /\ /\

1 . .
L2 = 50.X/0°X)

1 . . . .
Li=1 (c2(8aX18aX1)2 n c3(aa><faﬂx135xkaaxk)) . o= =-1



4-point scattering

X'(p1) \ /\ X*(ps)
o
XI(p2) / \‘ X'(pa)

—(p1 + p2)?
~(p1— p3)?
—(p1 — ,04)2

11



4-point scattering

X'(p1) \./ e s=—(p1+ p2)?
XJ(p2) / \‘ X'(pa) ey

e Scattering amplitude

MiH[s ¢ 4] = (A §isk 4 B giksi 4 C5”6jk> 5 (p1 + pr — p3 — pa)

11



4-point scattering

X'(p1) \l./‘ e s=—(p1+ p2)?
XJ(p2) / \‘ X'(pa) ey

e Scattering amplitude

MiH[s ¢ 4] = (A §isk 4 B giksi 4 C5”6jk> 5 (p1 + pr — p3 — pa)

e Crossing relations

B = A|s<—>t ? C = A‘sHu
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4-point scattering, 2d

e Tree-level amplitudes

12

1 1 1 1 1 1
A0) — Z(2c2—i—C3)52—§c3tu, B — Z(2c2—i—C3)z?2—§c;«;su, cO = Z(2C2+C3)U2—§C3St.

e In 2d there is only one independent Mandelstam variable

s>0, t=0, u=—s.

e In 2d and for NG coefficients

e Amplitude proportional to identity



4-point scattering: One-loop amplitude

e Bubble diagrams

X'(p1) X*(p3) X'(p1) X*(p3)

X/ (p2) X'(pa) X! (p2) X'(pa)

s-channel

t-channel

Xi(Pl)

XJ(Pz)

u-channel

X*(p3)

X’(P4)

13



4-point scattering: One-loop amplitude 13

e Bubble diagrams

X'(p1) X (ps) X'(p1) X (ps) X'(p1) X*(ps)
X/(p2) X'(pa) X/ (p2) X'(pa) X/(p2) X'(pa)
s-channel t-channel u-channel

e Specialise to NG coefficients, use dimensional regularisation d = 2 — 2e.



4-point scattering: One-loop amplitude

D—-6
A —
067

A;l):_ﬁ[ S3_,_(36D+12—2(D 6)log — )stu+12(t|og + ulog ) }

(f —7—|—|n47r)stu ,
€
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4-point scattering: One-loop amplitude

A(l):—D% 6<7—7+|n47r)5tu,
Y €
A;l):—ﬁ[ s3+(36D+12—2(D 6) log — )stu+12(t|og + ulog ) }

e 2d kinematics with s > 0,t =0, u = —s:
» divergent part vanishes for all amplitudes
> proportional to vanishes in critical dimension
» Second term proportional to stu vanishes for A, B ¢(1) in 2d
» Last term proportional to tu vanishes in 2d for A and (), but not B
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4-point scattering: One-loop amplitude 14

A(l):—D% 6<7—7+|n47r)5tu,
Y €
A;l):—ﬁ[ s3+(36D+12—2(D 6) log — )stu+12(t|og + ulog ) }

e 2d kinematics with s > 0,t =0, u = —s:
» divergent part vanishes for all amplitudes
> proportional to vanishes in critical dimension
» Second term proportional to stu vanishes for A, B ¢(1) in 2d
» Last term proportional to tu vanishes in 2d for A and (), but not B

A —
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4-point scattering: One-loop amplitude

e Tadpole diagram coming from Lg vanishes
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e Tadpole diagram coming from Lg vanishes

B(1) —

i
16~

3

I

c =

D — 24
753.

1927
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4-point scattering: One-loop amplitude
e Tadpole diagram coming from Lg vanishes

am__D-245 g _ g3 cy_D=-245

1027 ~ 16 1027

e Amplitudes A and €™ coincide with Polchinski-Strominger contribution in static gauge
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4-point scattering: One-loop amplitude
e Tadpole diagram coming from Lg vanishes

D —24 i D — 24
A D—24 5 g _ I 3 m_D-245
1927~ 16° ¢ 1927 ~

e Amplitudes A and €™ coincide with Polchinski-Strominger contribution in static gauge
[Dubovsky Flauger Gorbenko '12 ; Aharony Komargodski '13]

e Can be removed by SO(1, D — 1) target-space Lorentz breaking higher-derivative term
[Rosenhaus Smolkin '19]

e Up to one-loop scattering is then proportional to the identity

o Actually true to all-loop order

n
Il
)
~i=
0
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Integrability of the NG string

D-dimensional target space Lorentz invariance
AN

/t » Integrability and pure-phase S-matrix
D =3,26

16
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Membrane

e There is no standard notion (factorised scattering) of integrability in 3d.
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Membrane

e There is no standard notion (factorised scattering) of integrability in 3d.

e Assume membrane has one compact dimension: expand around R x S vacuum.

LN yi
L4 )

ANV AN

massless + massive modes

18



Membrane

e Expansion in Fourier modes

Xi(0% 0t 0%) = Z Xi(00 oh) ek j=1,...,D=D-3, X7, = (X0~ .

n=—oo

e Effective 2d action

19

5——f/d20(1+ﬁ2+ﬁ4+...), 7 = 27RT, |
A_loc 12 212 _ 1 J\2 — 12 20yj(2 _n
L3> (19552 + m2IXiR) = 5(0.3¢) + (10X + mIXIP) . o= 2
A N 1 jj ] j i i nny
£4 = Z Z (C2 Vrjdj,nz V’Z’,I;M + C3 V,J,{f<n4 V,Jéf(n?’) 5,71_'_.“_5_,74 5 Vrde(n; = aaX,JnaaX":(z _ ;722X,J11X52 .



4-point scattering: Tree-level amplitude

_ 2
Stt+u=2;n

.\ + 1 additional constraint

for 2d scattering

1 2 1
A — Z(2(:2 +c3)[s—(m+ n2)2] — 56 [t—(n — n3)2} [u—(n — n4)2]
e Amplitude is not proportional to the identity
e “Particle transmutation”, forbidden in an integrable theory. Yang-Baxter not satisfied.

e The compactified membrane theory is already not integrable at tree-level

e Let's push on and compute the one-loop scattering amplitude

20



4-point scattering: One-loop amplitude

e Fixed n calculation, using dimensional regularisation

~ 1 ~ ~
1 2(.2 1
%225&(E—V+bgh)L%D—6kw—1%(s—EDwﬂ

AL — _ > D —24)s + 6(D + 4)n® — 24n%In n® — 6n%(Dn? — 25)Q,(—s) + 12n°sQ, )|,
mf192r
2
B,(?lz = 1;27r [— 12Dn? +12Dn? In n® 4 65(s — 2n*)Qn(—s) + 65(s + 2n2)Qn(s)} )
2
1) _ 1;2 [(D —24)s — 6(D + 4)n? + 242 In n? + 6n2(Dn? + 25)Qu(s) + 12n250n(—s)} .
’ m

2
2 Y1+ -
Qn(s) =— In
s¢1+%3 vﬁ+5§+1




4-point scattering: One-loop amplitude

e Total amplitude
A = A" 125 AY

n=1

22



4-point scattering: One-loop amplitude

e Total amplitude
A = A" 125 AY

n=1

e Use zeta-function regularisation

[e.e] oo oo
z:n2k:07 231207 z:nzlnn2
n=1

n=—oo n——oo

= —2(r(-2)

22



4-point scattering: One-loop amplitude 2

e Total amplitude
A = A" 125 AY
n=1

e Use zeta-function regularisation

i k=0, i 1=0, inzlnn2:—2d?(—2)
n=1

n=—oo n——oo

e What appears in amplitude is n**Q,(s) with k = 0,1,2. Use asymptotic behaviour

2
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n 6n*



4-point scattering: One-loop amplitude 2

e Total amplitude
A = A" 125 AY
n=1

e Use zeta-function regularisation

i =0, i 1=0, inZInn2:—2Ck(—2)
n=1

n=—oo n——oo

e What appears in amplitude is n**Q,(s) with k = 0,1,2. Use asymptotic behaviour

2

L0 Qo= o+ 0()

Qn(5)|n—>oo =5

n 6n*

e Finite total amplitude, non-polynomial in s.



4-point scattering: Limits

e Restore radius of compactification R.
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4-point scattering: Limits

e Restore radius of compactification R.
e In the limit R — oo

A 1 1

A) - _s3/2(3p_1
R~ 2R 256 T2 L0

32

» Same as restriction to t = 0, u = —s of the 3d amplitude

)52 + (5)5/2]
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4-point scattering: Limits 23

e Restore radius of compactification R.
e In the limit R — oo

A _ 1 1
R—co  2mR 256 T3

(—gwa%é_1k?+@fﬁ]

» Same as restriction to t = 0, u = —s of the 3d amplitude

e In the limit R — 0

Av_ 17CRB) » D-24,

T F2lemRr?’ T 1027

» Same as NG, first term cancels when adding tadpole contribution
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The T T deformation 25

e One-parameter deformation constructed from the energy-momentum tensor

[Smirnov Zamolodchikov '16 ; Cavaglia Negro Szecsenyi Tateo '16]

ML =0r7 , Or7 = —det Tog
T [ £

e Infinitesimal deformation
L(ON) =L(A=0)+ O+

Lh-0)
e Can be applied to any 2d theory with energy-momentum tensor
e When applied to a CFT, theory after deformation may no longer be a CFT
e Irrelevant deformation in terms of RG flow

e O, 7 well-defined quantum mechanically [Zamolodchikov '04]



The T T deformation

e Effect on the S-matrix is simple
5,\ = ei)‘q)So

e ® is a CDD [Castillejo Dalitz Dyson '56] factor, constrained by unitarity, crossing

e If Sy is integrable then so is Sy = theory can be solved exactly

26

[Zamolodchikov '04]



The T T deformation 27

e T T of free massless fields gives NG action

1 . . 1 : ;
LA=0)=30.X00°X] = L£=3 [\/ —det(1ag + A DaXidgXI) — 1
[Cavaglia Negro Szecsenyi Tateo '16] [Bonelli Doroud Zhu '18] [Sfondrini Baggio '18]

e S-matrix is a simple phase factor



The T T deformation

e T T of free massive fields

io (aax,,kaaxi ot m2XIX,)

n=—0o0
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The T T deformation

28

e T T of free massive fields

1 400 . o 2
ﬁ()\ = 0) — 5 Z (aaXrl;(aaXJ—n + mr21 X{,XJ,,,) ’ mi = ;2

e Infinitesimal deformation L(dA) = L(A =0) + O15 = Lo+ ALy



The T T deformation

e T T of free massive fields

+o0 2
1 K . .. n
Lh=0=5 3 (aaxnaaxin+mixgxin) Lom=
n=—o00
e Infinitesimal deformation L(dA) = L(A =0) + O15 = Lo+ ALy
e Interaction term
1 = . . _ ; . o
Lo=7 Y (czaaxgaaxi WO XEDPXE |+ c30uX50P X 05X\ X" + & mim?,XéXinxé‘qu)
n,q=—o00
1 1
==, G = -1 9 ¢ =

2 27
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The T T deformation

e T T of free massive fields

+oo 2
]_ k H H H 2 n
LO=0) =3 Y (ao,x,, °X. 4+ m2 Xxixt ) Lm0
n=—oo
e Infinitesimal deformation L(dA) = L(A =0) + O15 = Lo+ ALy
e Interaction term
1 = . . _ ; . o
L= > (@0uX0"X 05 X507 XA, + 0 XI0" XL 05 XE0° X g + & mEmEXIX XEXE,)
n,q=—o00
1 .1
C2:§’ a=-1, c:2.

e Two fields with contracted indices have opposite mode number
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The T T deformation 28

e T T of free massive fields

1 +o0 . o 2
LA =0)=5 3 (aax,,kaaxi A m2 XX ) : mi:%

e Infinitesimal deformation L(dA) = L(A =0) + O15 = Lo+ ALy

e Interaction term

1 o0

La=7 > (c2aaxgaaxi WO XEPXE |+ 30uXI0P X205 X0 XK, + & m2m2XI X nquxfc,)
n,gq=—oo
1 L1
C2:§’ a=-1, c:i.

e Two fields with contracted indices have opposite mode number

e Two delta functions on mode numbers = cannot be obtained from a local 3d action



The T T deformation

3d membrane action (local)

h

non-integrable 2d theory

Lo+ La+ ...

[

Lo

non-local 3d action

h 4

integrable 2d theory

Lo+ L)+ ...

J
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Conclusions and Outlook 31

e The relation between EFT of confining strings, the Nambu-Goto action and integrable T T
deformations proved instrumental in obtaining new predictions about flux tube spectrum

e Here looked at generalisation to membrane theory: 3d worldvolume theory

e Compactify additional dimension on circle with radius R: “thick” effective string
e Theory is not integrable already at tree-level

e The limit R — 0 reproduces the 2d NG amplitude.

e The limit R — oo reproduces the 3d amplitude.

o Integrable theory with same free spectrum: T T deformation of tower of KK modes.
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e What about superstrings and supermembranes? [Cooper Dubovsky Gorbenko Mohsen Storace '14]

e String/membrane in curved spaces and tests of the AdSs/CFT3 duality
[Beccaria Giombi Tseytlin 23]

e How to systematically incorporate non-integrable corrections?

e Deformations of AdS/CFT setups with confining string [Maldacena Nunez '00]
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